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Abstract

A statistical thermodynamic model for the interpretation of the equilibria in solution is based on the principle that the
representative statistical ensembles can be characterized by two types of molecular distribution, one for non-reacting systems
and another for reacting ones, respectively. Non-reacting and reacting ensembles correspond at the molecular level to one or a
couple of potential curves, respectively. The properties of the thermodynamic model for solutions can be set up following
some rules. These concern the statistical extension of the microscopic model to the whole ensemble and the successive
averaging to get a mean partition function. The mean partition function is linked to the experimental domain of concentrations,
dilutions and equilibrium constants (probability space) and to that of calorimetry, chemical work, and potentiometry
(thermodynamics space). The formal connection between probability and thermodynamic space and the conformity of thermal
equivalent dilution with the formulations of statistical thermodynamics are also shown. © 1998 Elsevier Science B.V.
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Statistical model

A statistical thermodynamic model [1] has been
proposed for the interpretation of the equilibria in
solution. The model is based on the idea that two types
of ensembles represent the systems, one for non-
reacting and another for reacting systems. The former
type corresponds to a molecular distribution where no
outstanding enthalpy level can be identified and the
latter to a molecular distribution where at least two
distinct enthalpy levels are present.

We want now to show how the definitions of proper-
ties of the ensembles adopted conform to the phase
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space introduced by Gibbs and to the general treat-
ments of the theory of fluids [2-8].

The fundamental problem in statistical mechanics is
to use a knowledge of the interparticle interactions of a
system to predict the thermodynamic properties of that
system. Intermolecular potential theory is based upon
the two apparently well-founded assumptions: first
that the intermolecular potentials are a function of
intermolecular separation alone; and, second, that the
total potential energy of a system of N atoms may be
written as a sum of two-body, three-body, four-
body.. . ., potential functions. In general, for the study
of dense fluids, the main concern is with the one-
particle distribution function, the number density p
and with a particular form of the two-body distribution
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function, the radial distribution function n(r). The
two-body distribution function determines the second
coefficient B(T) of the virial equation of state for real
gases

PV /(Nkgr) = (1 4+ B(T)p+ C(T)p* + ...
(1)

The virial equation is a power series of the number
density p each power being multiplied by a proper
coefficient. The virial coefficients are related to inte-
grals that can be solved by approximate calculations.
In particular, the second virial coefficient B(T) can be
calculated in terms of Mayer f-bond. The Mayer f-
bonds and other functions are very often visually
represented by means of the graph theory which plays
a prominent role in the description of the properties of
fluids [9,10].

In non-reacting ensembles, the correlation function
takes the form [3]

8(r) = exp (=U(r)/KT)f (p) 2)

where U(r) is the potential of mean force between one
particle and the many adjacent particles and f{p) a
function of the number density p

flp) = (1 + pxi(r) + pPsxa(r) +...) 3)

The functions x(r), x5(r),. . ., which represent discon-
tinuous distributions of entropy, are integrals that must
be approximated. The main methods of approximation
have been proposed by Yvon [11] and, independently,
by Born and Green [12] and Kirkwood [13].

In solution thermodynamics, the distribution of the
species over different levels of free energy [14-18] is
represented by a binding polynomial or partition
function. This system is represented by a reacting
ensemble. For a receptor M with three sites, a typical
partition function, Zy, for reacting ensemble is given
by

Zv = 14 Gi[A] + B]A] + oA (4)

where 31, 3,, and 33 are operative cumulative forma-
tion constants or phenomenological coefficients.
Eq. (4) is a series expansion in powers of [A], similar
to Egs. (1) and (3). Each term of Eq. (4) corresponds
to one-body, two-body, ..., (i+1)-body interaction,
respectively.

The operative cumulative constant or phenomeno-
logical coefficient J; is approximately equal to

Gi=[MA;]1/(IM] [A]i). The thermodynamic cumulative
constants ﬂ?, as functions of activity are pure numbers
and are defined in Appendix A, where the approxima-
tions assumed to define [3; are also given. According to
the relationships in the Appendix A, the cumulative
constants 3; have dimensions of conc . Each term of
Eq. (4) is a pure number that can be obtained as the
ratio between two dilutions, namely between (3; and
(1/1A]), i.e. G; [A]i:ﬂi/[A]*i. The same dimensions are
associated with the products of activity coefficients as
those for the cumulative constants.

The description of the state of the solution depends
on the level of definition needed to interpret the
experimental data. The Born—Oppenheimer level of
description of ionic solution considers the particles
Na®, CI- and water molecules. The MacMillan—
Mayer level of description of the ionic solutions
considers the particles Na*, CI~ with water as a
continuum. Our level of description is concerned with
the concentration of species of order 10~ mol dm ™
or less, where the species are bases and acids, proto-
nated species and complexes, dimers, trimers, macro-
molecules, etc. The solvent is considered as an inert
background unless it takes part in a reaction in which
case it is considered as a ligand. We want to show how
these distributions of species conform to the general
framework outlined by Gibbs for thermodynamic
statistical distributions. Some further rules will be
added to help define the behaviour of the systems.

The two basic postulates of Gibbs are the following:

Postulate I (Gibbs microcanonical distribution). An
observable thermodynamic property reflects some
particular time-averaged behaviour of the system
components. Gibbs’ idea of statistical ensemble is a
device for conceptually avoiding the time averaging
process. The time-averaged value of a single system
property is replaced by the instantaneous average
property value taken over a large number of systems
each of which is an exact microscopic replication of
the original system. This large collection of systems is
the ensemble. The number of ensemble elements is
taken sufficiently large to represent meaningful
averages. The distribution in the cells of phase space
that the molecules of an ensemble can assume at any
one instant of time is exactly equal to the positions that
each molecule can take in successive instants of time.
The postulate can be expressed, by taking enthalpy as
the property under consideration, as follows: the
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equilibrium distribution of macroscopic states of a
conservative system consists in a uniform distribution
on the enthalpy surface of all the microscopic ele-
ments of the ensemble [2].

Postulate II (Gibbs canonical distribution). In an
ensemble representative of a thermodynamic system
coupled to a heat reservoir, the distribution of the cells
of phase space over different levels is uniform.

The ultimate purpose of statistical thermodynamics
is to express the interactions between components by
the sum of pair potentials, starting from the properties
of the element of phase space up to the properties of
the macroscopic system.

The distinction between non-reacting and
reacting ensembles can be referred to an appro-
priate type of potential. The potential for a non-
reacting closed ensemble is drawn in Fig. 1. The
curve is supposed to follow some type of Lennard—
Jones potential, but this is not strictly necessary. The
minimum of the curve is —n/kgT (19 is enthalpy per
molecule and kg the Boltzmann constant) and evalu-
ates the total potential energy. At a distance along r
axis, sufficiently large from the minimum, the poten-
tial energy has reduced to zero and all the potential
energy has been transformed into kinetic energy or sy/
kg (entropy per molecule). At any point along the r
axis, the sum of potential and kinetic energy is con-
stant

—n/(kBT) + S/KB = S()/kB ®))
By differentiating Eq. (5), one obtains
d{—n/(keT)} + d{s/ke} =0 (6)
Enthalpy
0 \ r(m
kT
- d(stk)
/KT - IId( Solk
Sl{k UkT)

Fig. 1. Pair-potential function for a non-reacting ensemble (kg,
Boltzmann constant).

and, hence,
d{n/ks} = Td{s/ks} (7

(see Appendix B). By dividing both sides of Eq. (7)
by dln 7, one obtains

(1/T)o{—n/ks}/OInT = 3{s/ks}/OInT  (8)

Both sides of Eq. (8) can be multiplied by (N /Np),
where Np is Avogadro number. From the RHS of
Eq. (8), one obtains C, which is the isobaric heat
capacity

0{S/R}/dInT = C,/R ©)

with S=(sNp) as molar entropy. The LHS of Eq. (8),
with H=(0Np) as molar enthalpy, can be transformed
as follows into the derivative with respect to T

O{H/R}/TOInT = 0{H/R} /T = C,/R (10)

whereby it is shown that, in non-reacting ensembles,
the isobaric heat capacity C, is a measure of a change,
either of entropy (Eq. (9)) or of enthalpy (Eq. (10)),
without any possibility of distinguishing between
them by thermodynamic means.

The reference molecular potential of a reacting
ensemble is a couple of potential functions (Fig. 2).

Enthalpy
N

~

T L
MglkT N
M+ solvent i
l
ANylkT / As

M+A+ solv

k

kT

MA+solv

Fig. 2. Couple of pair-potential functions in a reacting ensmble
(re). The existence of the enthapy difference A7 is a necessary
condition for an equilibrium reaction and, hence, for having a
reaction ensemble. (kg, Boltzmann constant). Note that the
formation of the complex in this example is an exothermic process
and is analogous to an emission spectroscopic process.
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Even at this level of description, the existence of a
definite enthalpy difference between the minima of a
couple of potential curves is the necessary condition to
distinguish a reacting from a non-reacting ensemble.
The definite enthalpy difference is necessary to have
an equilibrium between species in the experimental
system.

In order to get a better definition of the properties of
the statistical model for solutions, the two postulates
can be integrated by the four following rules.

Rule I (Probability space). The probability of the
states of any cell or cluster of cells of the phase space
is described in the probability space. Any intensive
variable or weighting coefficient is independent of the
size of the system. Possible probability functions
satisfying this condition are the Boltzmann functions

exp (—An/kgT) = exp (—2An/2kgT)
=...exp (—nAnkgT) = ...exp (—AH/RT)
1D

where An is the enthalpy per molecule, kg the Boltz-
mann constant, AH the enthalpy per mole and R the
gas constant. In reacting ensembles, sums of Boltz-
mann functions can form probability functions, such
as the molecular partition function

ay = 1 +exp(—Ag/kgT) = 1 + k[a] (12)

where Ag is the free energy per molecule, k a specific
site binding constant and [a]=na/¢, the number of
molecules per unit volume with ¢y=Vy/Ny, where V,,
is 1000 cm®. Alternatively, the probability can be
represented by the molar partition function

Av=1+exp(—AG/RT)=1+k[A]  (13)

where AG is free energy per mole and [A] the number
of moles per unit volume V. Note that zy;=Zy;, the
molecular partition function of Eq. (12) and the molar
partition function of Eq. (13) are numerically equal.
The equality is valid in the thermodynamic limit
“which simply means that the thermodynamic quan-
tities as entropy, heat capacity, free energy, etc. are
asymptotically proportional to the size of the system”
[2].

The justification of the equality of Egs. (12) and
(13) is that z; and Zy, are actually weighting factors of
the unit cell ¢ of phase space (zp;) and of the unit

volume V; of the real space (Zy), respectively. The
weighting factors of probability space are independent
from the size of the system. In fact, if in each j part of
the total J parts of the whole ensemble, clusters /; of
size t; are formed, then one can calculate the partition
function as

FPIEN) 30)
a1/ [T )" (14)

=1 | 1=1

where the product [] refers to all clusters / of one
group j and the summation refers to all J parts of the
ensemble.

If /=1 and n=>)_#=N, i.e. there is a unique cluster
of size N, then by substituting into Eq. (14), one
obtains

an = ()" = (@) (15)

where (( }) indicates a geometric average. If J=N and
#1=> =N (i.e. N parts each with a unique cluster of
size N) then the following partition function is
obtained (cf. Eq. (26) below)

j=N
Zy = (l/N)Z<<z,~>> = ((({@))) (16)

j=1

which becomes the molar partition function, when
N=Ny_. The function zj; is geometrically averaged
({(z;))) over the size of cluster N, whereas Zy; is
further arithmetically averaged ({ )) over N or Np
replicas. Both zy; and Zy; are referred to one cell of the
phase space and then the approximate equality holds
zm~Zy- In the thermodynamic limit zy=Ay, as for
Egs. (12) and (13) above.

Fermi—Dirac statistics is applicable to the probabil-
ity space for reacting ensembles (gce). In fact, che-
mical combinations of reactants in gce are represented
in the probability space by products of probability
factors or products of partition functions which is on
the scale of molecules

av = (1+ exp(—Ag/RT))" = (1 + k[a))"
(17)
and the scale of moles

Zy = (1 4 exp(—Ap/RT))" = (1 + k[A])"
(18)
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The total probability polynomials of Egs. (17) and
(18) contain coefficients that are obtained from the
rules of the Fermi—Dirac statistics, e.g. for iy = 3, on
the macroscopic molar scale

Zu = (14 K[A])® = 1+ 3K[A] + 3(k[A])?
+ (K[A])® (19)

Each term of the polynomial in Eq. (19) is related to
the occupation probability of two enthalpy levels. The
occupation probability is proportional to the number
of molecules occupying that level. On the contrary, the
probability of the state is inversely proportional to the
occupation probability and is proportional to dilution.

In this way, in reacting ensembles, the probability
for each level i corresponding to one species MA;
relative to the ground state represented by the species
M is expressed on the macroscopic scale by the molar
dilution ratio

M)~ /[MA]] ! = BAT (20)

Both sides of Eq. (20) are pure numbers, although
each factor has the dimension of dilution or (con-
centration) ™ ! The constant (; indicates how much the
free ligand [A] has been diluted when bound to M.

Rule II (Thermodynamics space). The microscopic
element, or a cluster of elements of a statistical
ensemble, is related to the macroscopic system by a
transformation (subdivision) in the thermodynamic
space of extensive variables and functions. Any exten-
sive variable, e.g. volume, free energy, enthalpy, etc.
undergoes the same transformation. The extensive
variable is given as the ratio between the energy (or
volume, or entropy, etc.) of a group of elements with
the energy content, e;4=kg7 (or entropy content,
siq=kg) of an equal number of elements of an ideal
gas, (nejq=nkgT). Therefore,

e/eiq = €/kpT = 2¢/2kgT = 3¢/3kgT . ..
= ne/nkgT ... = NLe/RT 201

where kg is the Boltzmann constant, R=kg/N; the gas
constant.

The ratios of Eq. (21) are consistent with the gen-
eral principles of statistical thermodynamics. In fact,
the molecular partition function is set in statistical
thermodynamics [3] as

z2=Vo/bm = (1/6m)/(1/Vo) (22)

virtual dilution (bindingandlor thermal dilution)

""""" T
. [ L] : ° E L] : °
__________ 14
dilution
] . ° . * [
portion of V,

i

Fig. 3. Accessible volume and probability of state. V,,,, portion of
the original standard volume V), that, before dilution, contains the
same number of moles as the whole volume V| after dilution. ¢,
an infinitesimal portion of Vj, that contains before dilution the same
number of molecules as the whole volume V, after dilution.
Probability of state (molecular): z=(1/¢,)/(1/V,), Probability of
state (molar): Zy=(1/V,,,)/(1/V,), Probability of state (molecular):
am=(1/om)/(1/po); po=Vo/NL; 2mM=Zm=2/Ny..

which is, for a gas, equal to the ratio between the
volume V|, accessible by one mole of ideal gas at STP
(22 414 cm?) and the volume ¢m accessible by one real
molecule (Fig. 3). The accessible volume is inversely
proportional to dilution, 1/¢,,, which, in turn, is
proportional to the probability of the state; (1/Vy)
is, therefore, proportional to the probability of unitary
standard state. The volume ¢,, is related to molecular
momentum A by

Pm = M () (23)

if A=A%, where A=hQ27mkT) ' is the De Broglie
thermal wavelength, and f(n) is a probability weight-
ing function depending on the enthalpy of the reaction,
then ¢, has the dimension of volume. f{7) is a function
of the reciprocal of the configuration integral Z. and
represents in ¢, the factor of virtual dilution.

The molecular partition function z is an extremely
large number (e.g. z=exp (67.2)=1.53x 10’ for gas-
eous helium), representing the dilution combined with
the virtual dilution due to bindings as given by f(7) of
the volume ¢,, (accessible by one molecule) from one
to all the cells (=Np) contained in one volume of gas at
STP. Alternatively, the molecular partition function z
can be interpreted as the dilution of one molecule from
¢m to the corresponding standard volume ¢, by
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repeating the dilution N times. For a solution, the
volume Vj is set equal to 1000 cm®.
The molar partition function is set [3] as

Z=7"/N! (24)

which according to the Stirling approximation
(In N!'=NIn N—N) yields

InZ = Nln(ze/N) (25)

Z is an inconceivably large number. We can, however,
reduce it to a reasonable size if we consider some
mean similar to the geometric mean, calculated for
clusters in Eq. (16). If we take the geometric mean
7N e consider a statistical average of N events
concerning the dilution or reaction (1:1) of one
molecule with one cell of volume ¢o=Vy/N. This
means that we remove the effect of dilution from
¢o to Vy and we are left with virtual dilution from
om to g only due to binding. In fact, by rearranging
Eq. (25) one obtains

ZWMN fe = z/N = (Vo/N)bm = do/dm
= (1/¢m)/(1/0) (26)

If N=Ni, then the ratio is between the accessible cell
volume ¢, at STP by one molecule of ideal gas and the
volume ¢, accessible by one molecule of a real gas. In
a solution (Vo=1000 cm®) the ratio of Eq. (26) is
between the unit volume ¢,=1000/Ny and the statis-
tical average accessible volume ¢, of one solute
molecule. The probability of the average event is
related to the free energy of the reaction by

ZUMN) Je = exp (—Ag/kgT) 27

where Z"™=1 if Ag=ksT. This indicates that the
ratio of the LHS of Eq. (27) is the mean probability
ratio with respect to the system presenting the dis-
tribution of the ideal gas (kg7).

On comparing Egs. (26) and (27), one concludes
that (i) on the scale of molecules it is possible to
compare the probability of reaction with a ratio of
accessible molecular volumes (i.e. dilutions)

exp (—Ag/ksT) = (1/¢m)/(1/¢0) (28)

and (ii) on the molar scale the probability of reaction
with a ratio of molar accessible volumes

exp (—~AG/RT) = ¢oN/(¢mN)
= (1/Vm)/(1/Vo) (29)

where V,, is the statistical average accessible volume
of 1 mole. It can be stressed the point that the ratio of
accessible volumes is a ratio between probabilities of
states which are typical intensive variables of the
probability space.

The Couples (V07 ¢O)a (Vlm ¢m)’ and (_AGa _Ag)
are proportional to the ratios R/Kg/Ny . Therefore, the
ratios

Vin/R = ¢m/kp (30)
and
Vo/R = ¢o/ks (31)

are comparable with the first and last ratios of
Eq. (21). Their equality is again valid on the assump-
tion of the existence of the thermodynamic limit [2].

The same arguments can be used to explain how the
molar reaction partition function Zy; conforms to
general statistical thermodynamics. In fact, Zy; is pro-
portional to dilution of the receptor. With reference to
a simple reaction M+A=MA, the partition function or
binding polynomial is

Zy = M7 /{M] + [MAJ} (32)
and

Zm = exp (AG/RT) (33)
From Eq. (29) one obtains

Zy = Vo/Vem = (1/Vm)/(1/ Vo) G4
and from Egs. (26) and (28)

Zy = z/N (35)

which shows how the binding polynomial obtained
from the experiment is actually a mean molar partition
function coincident with the geometric mean of clas-
sical partition function of Eq. (24).

Finally, by recalling Egs. (28)—(31), the molecular
partition function comes out to represent a ratio of
probabilities of states on the molecular scale

am = exp (—Ag/kgT) = (1/¢m)/(1/ o)

(36)
which is a mean molecular partition function related
to the classical statistical molecular partition function
z by

z=2zaN (37

Therefore, z); of Eq. (36) represents the probability of



A. Braibanti et al./Thermochimica Acta 320 (1998) 265-275 271

dilution or reaction (1:1) of one molecule with
accessible volume ¢, with one cell of volume ¢,.
By analogy, Zy; of Eq. (35) represents the probability
of dilution or reaction (1 : 1) of N molecules (1 mole if
N=N ) with accessible volume V,, and with solution
volume N¢o=V,. The partition functions zy; and Zy,
are numerically equal as are exp (—Ag/kgT) and
exp (—AG/RT), again on the assumption of the valid-
ity of the thermodynamic limit.

The relative variables of the thermodynamic space
can be transformed into absolute thermodynamic
values. The units are different if they are obtained
by multiplying the relative variables by R
(Jmol 'K™") or by kg (Jmolecule ' K™ '). It is
obvious that the experimental size is obtained by
reference to R rather than kg.

Rule III (Distribution moments). If the probability
of states is statistically distributed, then the thermo-
dynamics space functions are the first moments of the
probability space distributions. In this respect, the
Boltzmann function in the probability space is an
eligible function to obtain the extensive variable of
the thermodynamics space. In fact, if we search for a
function, for which dfix)/f(x)=dx, we find that the
Boltzmann function satisfies this condition

(exp (~AG/RT)) 'd(exp (—AG/RT)
= dIn (exp (~AG/RT)) = d(—AG/RT) (38)

Analogous equations can be written on the molecular
scale, e.g d(—AG/RT)=d(—Ag/kgT).

Other intensive variables as pressure, concentration,
dilution or partition functions find their extensive
counterpart in the logarithm of the intensive variable
or function, respectively. The logarithmic function is
the explicit form of the relationship Sa/R=f(d) or s,/
kg=f(d,) between the dilution of the probability space
and the entropy Sa/R or s,/kg of the thermodynamic
space

dSa/R = —din [A] (39)

For the entropy also, as for any other extensive vari-
able, there is the possibility to write equations like
Eq. (21). For instance, the mixing entropy can be
defined on the microscopic scale [8] by

S/ks =—> filnf; (40)

and on the macroscopic scale [10] by
S/R=-) xnx A1)

Egs. (40) and (41) correspond to equal numbers
because they can be transformed into one another
by the relation

s/kg = (NLs)/Npkg) = S/R 42)

This relation for entropy is analogous to Eq. (21) for
energy and to Eqgs. (30) and (31) for dilution.

Note how the Egs. (40) and (41) are not equivalent
to s/kg = —> Inf{" and S/R=—3 Inx}’, respec-
tively, because the coefficients of the thermodynamic
space do not commute with the exponents of the
probability space. The two classes of numbers have
different properties. The coefficients of the thermo-
dynamic space are indicative of extensive amounts of
substance and can assume any rational value, either
integer or not. The coefficients of the probability space
refer to molecular reactions in the probability space
and can assume only integer values indicating inter-
actions between a finite number of particles.

In probability space, the equality Eq. (42) becomes

exp(s/kg) = exp (S/R) 43)

The second moments of the intensive distribution
functions or variables, can be calculated as second
derivatives with respect to either variable. Reacting
ensembles, re, also admit mixed derivatives with
respect to temperature and concentrations.

Rule IV (Thermal equivalent dilution). The inten-
sive variables, temperature 7 and dilution da=1/[A],
produce equivalent entropic changes

(dSa); = —RdIn [A] (44)
(dS7), = —CpdIn T (45)

and obvious analogous expressions for the micro-
scopic molecular scale. If the dilution of A is kept
constant but the temperature is changed, a virtual
change of dilution or thermal equivalent dilution
(TED) is effective

(dSA,virt)T = (dST)A (46)

Being the change of the temperature obtained by
exchanging heat with the system, there is a correspon-
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dence between a change of energy and a change of
entropy.

A demonstration is the following. By recalling
Eq. (29) applied to n molecules of solute, one can
write

—AG/RT = In{¢oN/(pmNn)}
= In(1/Vw)/(n/Vo) 47)
where V. =NA*=N(*27mkT)*?* is the statistical
average volume of one mole of ideal gas at any

temperature. The free energy of mixing is equivalent
to an entropy of mixing

AS/R =1n{(Vo/n)/(émN)}
= In{(1/NA%)/[A]} (48)

where 1/[A] has been substituted for (Vy/n). By taking
the logarithm of 1/V,,, one obtains

In(N'A = 3) = In {(K*/27mkN)~*/?}
+(3/2)InT (49)

and then

AS/R =1n{(1/[A]) + In {(h*/2zmR)>/*}
+(3/2)InT (50)

which is the Sakur-Tetrode equation. By differentiat-
ing Eq. (50) and remembering that C, ;4=(3/2)R for an
ideal gas, one obtains

d(AS) = RdIn (1/[A]) + CyjedIn T (51)

At constant pressure, by considering that, in Eq. (48)
dln Vy=dIn T, one can write

d(AS) = R{dIn (1/[A]) + (3/2 + 1)dIn T}
(52)

Then, by remembering that C,=(5/2)R for an ideal
gas, one obtains for real solution

d(AS) = Rdln (1/[A]) + C,dIn T (53)

which is the sum of the two changes of entropy in
Egs. (45) and (46), respectively.

A corollary to the Rule IV is that any enthalpy
change can be associated to an equivalent change of
dilution, but not vice versa.

1. Conclusions

An analysis of the statistical thermodynamics
model for solutions has shown how the types of
ensembles, namely non-reacting or reacting are con-
sistent with the basic principles of statistical thermo-
dynamics. The distinction into the two classes on the
basis of absence or existence of separated enthalpy
levels finds its correspondence in the different types
of pair-potential functions in the element of the
phase space. The rules given to build-up the whole
thermodynamic model complete the framework into
which the properties of the thermodynamic system
can be properly understood in terms of molecular
processes.

2. List of symbols

p number density

n(r) radial distribution function

g(r) correlation function

B(D), C(T),... coefficients of the virial equation

p pressure

Vv volume

N large number

Ny, Avogadro number

U(r) potential of mean force

flp) function of the number density p

81, Bo, - . ﬂi. .. operational forma;ion constants,
Bi=[MA;J/(IM][A])

ﬂ?, Bg,. .. ﬁ? thermodynamic formation con-

x1(r)xa(r) ...

stants 32 = awa,/(ama),)
integrals

An enthalpy difference at molecular
scale

AH enthalpy difference at molar scale

Ag free energy difference at molecu-
lar scale

As entropy difference at molecular
scale

AS entropy difference at molar scale

ASy entropy equivalent of the reaction
enthalpy AH/T

k specific site binding constant

M receptor

A ligand

ap, dy. - - activity of A, M, etc.



dp, dy. ..
€ia
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dilution of A, M, etc.

energy difference at molecular
scale in ideal gas

volume of solvent accessible by
one mole

volume (virtual) of solvent acces-
sible by bound moles

volume of solvent accessible by
one ideal molecule

volume (virtual) of solvent acces-
sible by bound molecules

De Broglie wavelength

Plank constant

molecular mass

molecular partition function
molar partition function

mean molar partition function or
binding polynomial

mean molecular partition function
molecular fractions

molar fractions

isochoric molar heat capacity
thermal equivalent dilution
enthalpy per molecule (ground
level)

average radius (function of 7T)
molecular entropy (ground level)
integer number

Jjth portion of ensemble
maximum j

index of cluster in jth portion
size of cluster /

chemical potential

maximum index i

molecular momentum

function of enthalpy
configuration integral

base of natural logarithm
absolute temperature

Boltzmann constant

isobaric heat capacity

entropy

gas constant

enthalpy

free energy difference at molar
scale

reacted molar fraction

dilution
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Appendix A
Activity and activity coefficients

The thermodynamic cumulative formation constant
ﬂ? of the species MA,, which is a pure number, is
expressed as the function of activities of the species

B = aya,/(amd,) (A.1)

where the activity of species A is related to the
concentration [A] by the activity coefficient fx

ap = [Alfa (A2)

the activity of species MA; is related by the activity
coefficient fiya,

ama, = [MA{]fua,, (A.3)

the activity of species M is related by the activity
coefficient fy

apm = [MVM (A4)

where

fu=05) (A5)

The relationship between the thermodynamic constant
/3 and the phenomenological coefficient ; of Eq. (4)
is given by

B = A (A-6)

which by recalling Eq. (A.1) can be transformed
into

B: = (awa,/av) (fua, /fu) /[A]' (A7)

From Eq. (7), one can calculate that the dimensions
of 3; are the same as those of concentration [A] raised
to the power —i. For example, if the concentrations
are expressed in mol dm™3 , then the cumulative con-
stants (; have dimensions (mol dmfz’)fi:molfi dm™
which are the dimensions of products of the solution
volume associated to one mole of ligand. These are
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dimensions of the dilution which, in probability space,
is directly proportional to the entropy probability
factor.

If one assumes that

(fvai/fu) = 1 (A.8)

then the operational cumulative constant can be cal-
culated

B; ~ [MA]/(M][A]') (A.9)

For the sake of simplicity, we assume that the activity
coefficient f, is unitary and, thus, preserves the dimen-
sionality of the constant.

Appendix B
Differentials of enthalpy

The differential of enthalpy H/R on the molar scale
or the differential of molecular enthalpy n/kg have
different expressions in reacting and in non-reacting
ensembles, respectively. We develop here the relation-
ships for the molar ensembles. The transformation
from molar to molecular relationships is obtained by
division by Np.

In an open reacting ensemble, the enthalpy change
—AH obtained from the van’t Hoff equation as
derivative of In K with respect to 1/7, is equal to an
entropy change TASy. The entropy change ASy/R is
obtained in the thermodynamics space [15,16] dia-
gram as the orthogonal projection of —A H/RT onto
the entropy axis. The two quantities ASy/R and
—AH/RT are necessarily equal, by construction.

—A% = TASy (B.1)
which can be differentiated

d(—A,H?) = Td(ASy) (B.2)
with partial derivative

O(—AH?)/O(ASy) =T (B.3)

The function ASy is the projection onto the entropy
axis of the thermodynamics space [15,16] of the
reaction enthalpy. Alternatively, by considering that

—AH? = —AG® —TA,S° (B.4)

one obtains the differential
d(—AH?) = d(—A,G° — TA,S?) (B.5)
with partial derivative
0(—=A,G?)/oT = (—=A,G?/T) + (1)T)
x 0(—A,G?/T)/d(1)T) (B.6)
which is related to the standard entropy by
O(—=A,G?) /3T = A,S? (B.7)
Eq. (B.6) becomes the Gibbs—Helmholtz equation
by considering that d(—A,G*/T)/d(1/T)=—AH®
o(—A,G?)/oT = (-A,G°)T)
+ (1/T)(—AH?) (B.8)
The difference between ASy and A.S? must be

stressed upon. The difference is even more evident
from further derivation

d(—AH?) /T = A,C, (B.9)
and

3(ASy)/oInT = A,C, (B.10)

For the reaction entropy, however, one has [18]
0(AS/S)/0InT = 0c/0InT = A,Cpapp/R
(B.11)
with

A Cpapp = —{a(l — a)(=AH?/T + Cpa}
(B.12)

In closed non-reacting ensembles, the relationship
between the differentials of enthalpy and entropy is

dH = T dS (B.13)

where the enthalpy change is directly proportional to
the entropy change with the absolute temperature 7 as
the proportionality factor. This leads to the partial
derivative

OH/3S =T (B.14)

By further derivation with respect to the temperature,
one obtains the isobaric heat capacity C, either from
entropy (Eq. (9)) or from enthalpy (Eq. (10)). On the
other hand, a relationship like Eq. (B.12) does not
exist for non-reacting systems.
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The validity of Eq. (B.14) for all systems has been
questioned by Weber [19,20] who puts forward some
warning in the application of van’t Hoff equation to all
systems. While studying the interactions between
protein subunits, he speaks of thermally activated
motions, brought about by the increased probability
of bond breakage with temperature. These thermally
activated motions form a non-reacting subset in the
biochemical system.
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